Kerker Conditions Upon Lossless, Absorption, and Optical Gain Regimes by Olmos-Trigo, Jorge et al.
Kerker Conditions Upon Lossless, Absorption, and Optical Gain Regimes
Jorge Olmos-Trigo,1, ∗ Cristina Sanz-Ferna´ndez,2 Diego R. Abujetas,1, 3 Jon Lasa-Alonso,1, 2 Nuno de
Sousa,1 Aitzol Garcı´a-Etxarri,1, 2 Jose´ A. Sa´nchez-Gil,3 Gabriel Molina-Terriza,1, 2, 4 and Juan Jose´ Sa´enz1, 4
1Donostia International Physics Center (DIPC), 20018 Donostia-San Sebastia´n, Basque Country, Spain
2Centro de Fı´sica de Materiales (CFM-MPC), Centro Mixto CSIC-UPV/EHU, 20018 Donostia-San Sebastia´n, Spain
3Instituto de Estructura de la Materia (IEM-CSIC), Consejo Superior de Investigaciones Cientı´ficas, Serrano 121, 28006 Madrid, Spain
4IKERBASQUE, Basque Foundation for Science, 48013 Bilbao, Spain
The directionality and polarization of light show peculiar properties when the scattering by a dielectric sphere
can be described exclusively by electric and magnetic dipolar modes. Particularly, when these modes oscillate
in-phase with equal amplitude, at the so-called first Kerker condition, the zero optical backscattering condition
emerges for non-dissipating spheres. However, the role of absorption and optical gain in the first Kerker con-
dition remains unexplored. In this work, we demonstrate that either absorption or optical gain precludes the
first Kerker condition and, hence, the absence of backscattered radiation light, regardless of the particle’s size,
incident wavelength, and incoming polarization. Finally, we derive the necessary prerequisites of the second
Kerker condition of the zero forward light scattering, finding that optical gain is a compulsory requirement.
In 1983, Kerker, Wang, and Giles predicted that, under
plane wave illumination, magnetic spheres with equal rel-
ative permittivity ε and permeability µ radiate no light in
the backscattering direction [1]. They also concluded that if
ε = (4−µ)/(2µ+1) for nano-spheres, this zero optical light
scattering condition happened at the forward direction.
Three decades later, a renewed version of these ideas was
proposed for subwavelength dielectric spheres (µ = 1) of high
refractive index (HRI) materials [2], reinvigorating the inter-
est on these light scattering conditions. Notably, the scattering
properties of these HRI nano-spheres can be fully described
by dipolar modes via the first electric and magnetic Mie co-
efficients, without a spectral overlap from higher-order modes
for certain ranges of the electromagnetic spectrum [3, 4]. In
terms of the electric and magnetic scattering phase-shifts [5],
these coefficients generally read as,
al = i sinαle−iαl , bl = i sinβle−iβl , (1)
respectively, where αl and βl are real in the absence of losses
or optical gain. At the first Kerker condition [2], given by
α1 = β1⇐⇒ a1 = b1, the electric and magnetic dipolar modes
oscillate in-phase with equal amplitude. This optical response
drives to destructive interference between the scattered fields
at the backscattering direction, which is commonly referred
to as zero optical backscattering condition [1]. This anoma-
lous light scattering condition was first experimentally mea-
sured in the limit of small particle in the microwave regime
for ceramic spheres [6] and, soon after, in the visible spec-
tral range for HRI Si [7] and GaAs nano-spheres [8]. How-
ever, recent results suggest that the concept of small parti-
cle is sufficient, but not necessary, to guarantee a dipolar re-
sponse in the optical scattering of an object [9]. Consequently,
these aforementioned backscattering anomalies could also be
measured on larger dielectric particles. Interestingly, the ab-
sence of backscattered light emerges at the first Kerker con-
dition for dipolar particles regardless of the incoming polar-
∗ jolmostrigo@gmail.com
ization [10–12]. However, for incoming beams with well-
defined helicity (handedness of the fields) [13–15], the ab-
sence of backscattered light arises for cylindrical symmetri-
cal particles when the EM helicity is a preserved quantity af-
ter scattering [16, 17]. Conservation of helicity has proven
crucial in many applications such as enhanced chiral light-
matter interactions [18–25], or in the spin-orbit interactions
of light [26–31]. In this vein, it has been reported that from
a relatively simple far-field measurement of the EM helic-
ity at a right angle, the radiation pattern of the dipolar par-
ticle is inferable [32]. This phenomenon arises since the
asymmetry parameter (g), which encodes the particle’s opti-
cal response, is equivalent to the EM helicity at the direction
perpendicular to the incoming wave when the object is ex-
cited by a beam with well-defined helicity (σ =±1), namely,
Λpi/2 = 2σg [32]. This relation straightforwardly links the
EM helicity with the g-parameter, which appears in multi-
ple branches of physics such as optical forces [33–35], light
transport phenomena [36–38] or wavelength-scale errors in
optical localization [39]. Remarkably, this wavelength’s er-
ror limit can be drastically surpassed at the first Kerker condi-
tion for dipolar particles, where an optical vortex arises in the
backscattering region [40].
In contrast to the first Kerker condition, the zero optical
scattering condition in the forward direction, given for dipolar
particles by a1 =−b1, is precluded by the optical theorem for
lossless spheres [41–43]. As an alternative, the generalized
second Kerker condition (GSKC), mathematically expressed
for dipolar particles as α1 =−β1, was proposed as an approx-
imated condition for non-dissipating spheres that might guar-
antee the maximum backward/forward scattering ratio while
respecting energy conservation [2]. Indeed, the GSKC is
the optimal backward light scattering condition; however, it
does not generally imply a nearly-zero optical forward scat-
tering [44], contrary to what could be expected from previous
works [2, 45–47].
Most research on this topic is dedicated to the optical re-
sponse of lossless HRI nano-spheres in the dipolar regime.
However, the role of absorption and optical gain remains un-
explored in the context of Kerker conditions and its above-
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2mentioned anomalous light scattering conditions [48]. In this
work, we demonstrate analytically that either losses or opti-
cal gain inhibit the first Kerker condition for dielectric Mie
spheres regardless of the particle’s size, incident wavelength,
incoming polarization, and multipole order. Consequently,
these results unveil a hidden connection between energy con-
servation, mathematically expressed in terms of the optical
theorem, and the first Kerker condition. As a result, we show
that the EM helicity cannot be preserved after scattering by
an arbitrary dielectric sphere in the presence of losses or op-
tical gain. Hence, neither can the zero optical backscattering
condition be fulfilled in that scenario. In particular, for a Ger-
manium (Ge) sphere in the dipolar regime, we quantify the
gradual drift from the ideal zero optical backscattering con-
dition as the absorption rate is increased. Finally, we prove
that optical gain is mandatory to reach the zero forward light
scattering condition.
Mie theory [5] gives an exact solution of Maxwell’s equa-
tions for a spherical particle in a homogeneous medium under
plane wave illumination. It allows writing the extinction, scat-
tering, and absorbing efficiencies of the particle as
Qext =
2
x2
∞
∑
l=1
(2l+1)ℜ{al +bl}=
∞
∑
l=1
(
Qalext+Q
bl
ext
)
, (2)
Qsca =
2
x2
∞
∑
l=1
(2l+1)
(|al |2+ |bl |2)= ∞∑
l=1
(
Qalsca+Q
bl
sca
)
,
(3)
where Qabs = Qext−Qsca.
The efficiencies are dimensionless magnitudes given by
the ratio between the cross section and the geometrical area,
Q=σ/piR2, where R is the radius of the particle. Here, x= kR
is the size parameter, k = mhk0 = mh (2pi)/λ0, being λ0 the
wavelength in vacuum and mh the refractive index of the ex-
ternal medium. The Mie coefficients, al and bl , can be ex-
pressed in terms of the scattering phase-shifts (see Eq. (1))
by [5],
tanαl =−
S′l(mx)Sl(x)−mSl(mx)S′l(x)
S′l(mx)Cl(x)−mSl(mx)C′l(x)
, (4)
tanβl =−
mS′l(mx)Sl(x)−Sl(mx)S′l(x)
mS′l(mx)Cl(x)−Sl(mx)C′l(x)
. (5)
Here m = mp/mh is the refractive index contrast, where mp is
the refractive index of the particle while Sl(z) =
√piz
2 Jl+ 12
(z)
and Cl(z) =
√piz
2 Nl+ 12
(z) are the Riccati-Bessel functions,
where Jl+ 12
(z) and Nl+ 12
(z) are the Bessel and Neumann func-
tions, respectively.
According to Eqs. (4) and (5), the first Kerker condition,
in which the electric and magnetic dipolar modes oscillate in-
phase with identical amplitude, can be obtained either when
S1(mx) = 0 (nodes of first kind) or when S′1(mx) = 0 (nodes of
second kind) [5]. However, for complex values of the refrac-
tive index contrast [49], i.e., ℑ{m} 6= 0, which corresponds ei-
ther with absorption (ℑ{m}> 0) or active media (ℑ{m}< 0),
these nodes are unreachable. We will prove this, and gen-
eralize it for arbitrary multipolar modes, using the following
Lemmas:
1. When v >−1 the zeros of Jv(z) are all real [50],
2. When v >−1 and a,b∈R, then aJv(z)+bzJ′v(z) has all
its zeros real, except when a/b+ v < 0 [50].
Lemma 1 directly implies that the node of the first kind,
Sl(mx) = 0, are inhibited for spheres with either gain or loss
since the zeros of the Bessel functions occur for exclusively
real arguments, while in these cases ℑ(m) 6= 0 . On the other
hand, the node of second kind, given by
S′l(mx) = Jl+ 12 (mx)+2mx J
′
l+ 12
(mx) = 0, (6)
cannot be satisfied for ℑ{m} 6= 0, since following Lemma 2
with a = 1, b = 2, and v = l+1/2 the condition a/b+ v < 0
is inaccessible because l ≥ 1 [5].
The immediate physical consequence of these Lemmas is
straightforward: either absorption or optical gain inhibits the
emergence of the first Kerker condition. It is important to note
that the validity of these conclusions holds regardless of the
particle size, incident wavelength, (complex) refractive index
contrast, and polarization of the incoming light. Remarkably,
this result is valid for any multipole order l. In short, we can
conclude that al 6= bl ∀ l when ℑ{m} 6= 0, making this demon-
stration general.
Interestingly, these conclusions can also be understood by
analysing the extinction and scattering efficiencies arising
from electric and magnetic modes. In the presence of losses
or gain, the extinction and scattering efficiencies of an arbi-
trary electric multipole l cannot be identical to the magnetic
counterpart of the same multipole l. According to the right
side of Eqs. (2) and (3), this phenomenon implies the follow-
ing: Taking into account that in the presence of gain or losses
Qabs 6= 0, if Qalsca = Qblsca then Qalext 6= Qblext. These relations im-
ply that if ℑ{m} 6= 0 the electric and magnetic modes cannot
simultaneously oscillate in-phase with equal amplitude, un-
veiling a connection between the first Kerker condition and
energy conservation.
To get a deeper insight into these results, let us calculate the
expected value of EM helicity after scattering. The scattered
fields outside the sphere, decomposed in components of well-
defined EM helicity [51], i.e., Esca =E+sca+E−sca with ΛEσsca =
σEσsca, can be written in terms of “outgoing” vector spherical
wave functions, Φσ
′
lm (defined in [14]) as
Eσsca = E0
∞
∑
l=1
+l
∑
m=−l
DσlmΦ
σ
lm, (7)(
D+lm
D−lm
)
=−
(
[al +bl ] [al−bl ]
[al−bl ] [al +bl ]
)(
C+lm
C−lm
)
, (8)
ZHσsca =−iΛEσsca, (9)
where Cσlm are the expansion coefficients of the incoming wave
in a basis of vector spherical harmonics.
Under illumination by a circularly polarized plane wave
with well-defined helicity (σ = ±1) and AM in the wave’s
3FIG. 1. (a) Real (dash-dotted red) and imaginary part (dashed-red)
of the refractive index contrast (m) vs the incident wavelength (λ )
for a Ge sphere. Maximum of the expected value of the EM helicity
in solid-blue, 〈Λ〉max, for a Ge sphere vs λ under plane wave illumi-
nation with σ = +1. (b) Color map of 〈Λ〉 vs λ and particle’s size
(R) for a Ge sphere under plane wave illumination with σ =+1. The
visible range is encompassed by a dashed rectangle. As mentioned
in the text, in this region helicity conservation is never fulfilled.
propagation direction Jz = m = σ [14], it can be shown that
the expected value of the EM helicity is given by [9]
〈Λ〉=
∫
E∗sca ·ΛEsca dΩ∫
E∗sca ·Esca dΩ
= 2σ
[
∑∞l=1 (2l+1)ℜ{alb∗l }
∑∞l=1 (2l+1)(|al |2+ |bl |2)
]
.
(10)
From Eq. (10) it is straightforward to notice that in the pres-
ence of gain or losses, since al 6= bl ∀ l, the EM helicity is not
preserved, namely, |〈Λ〉| 6= 1.
Figure 1 summarizes quantitatively this conclusion for a Ge
sphere of different radii. For ℑ{m} > 0, corresponding to
the visible spectral range (see Fig. 1a)), the EM helicity is far
from being preserved, regardless of the size of the Ge sphere
in the entire visible spectral range which corresponds to the
dashed rectangle in Fig. 1b). This phenomenon can be in-
ferred from 〈Λ〉max, which is obtained, by finding for each of
the incident wavelengths, the radius that maximizes the EM
helicity. Contrary, in the telecom spectral range, where losses
are negligible (see Fig. 1a)), the maximum value of the EM
helicity is preserved at the first Kerker condition, 〈Λ〉max ≈ 1.
To get insights into the relevance of the breaking of the first
Kerker condition due to absorption effects in the scattering ra-
FIG. 2. Normalized scattering patterns by Ge spheres calculated
from Eq. (12) in the telecom spectral regime (a) [λ = 2100 nm and
R = 223 nm] and visible spectral range (b) [λ = 632 nm and R = 48
nm] and (c) [λ = 575 nm and R = 35 nm]. The g-parameter is given
by g = 0.5,0.3,0.1, respectively, in the dipolar regime.
diation pattern, let us now consider the differential scattering
cross section [5],
dσs
dΩ
= lim
kr→∞
r2
S · rˆ
S0
. (11)
Here S=ℜ{E×H}/2 denotes the scattered Poynting vector,
S0 refers to the amplitude of the incoming Poynting vector
amplitude and rˆ is the radial unit vector. By taking into ac-
count Eqs. (7)–(9), when just retaining the dipolar contribu-
tion (l = 1), it can be shown that the (integral-normalized)
differential scattering cross section reads as
dσs
dΩ
=
3
8pi
(
1+ cos2 θ
2
+2gcosθ
)
, (12)
where g is the asymmetry parameter in the dipolar
regime [36].
From Eq. (12) it is noticeable that at the first Kerker con-
dition, when the EM helicity is preserved (see Eq. (10) for
l = 1), the asymmetry parameter is maximized in the dipo-
lar regime, i.e., g = 0.5. In this scenario, it can be inferred
from Eq. (12) that there is no radiation in the backscatter-
ing direction (θ = pi) [6–8]. However, as it was previously
deduced in the presence of losses or optical gain, the zero
optical backscattering condition cannot emerge as a result of
the breaking of the first Kerker condition that imposes both
g < 0.5 and |Λ| < 1. As an illustrative example, we show in
Fig. 2 the gradual loss of the zero optical backscattering con-
dition (see Fig. 2a)), as the absorption rate is increased for a
Ge sphere (see Fig. 2b) and Fig. 2c)). As can be deduced, it
is easy to see how the zero optical backscattering condition is
lost in the case of lossy spheres.
Finally, let us briefly analyse the second Kerker condi-
tion, given by a1 = −b1. Let us recall that according to
Eq. (10) in the dipolar limit, the EM helicity flips its value
from 〈Λ〉 = +σ to 〈Λ〉 = −σ , and the g-parameter is min-
imized, g = −0.5, leading to zero optical light scattering in
the forward direction (see Eq. (12)). According to Eq. (1), the
second Kerker condition implies both
sin2α1 =−sin2β1 and sin2α1 =−sin2β1. (13)
It is straightforward to notice that lossless spheres, where
ℑ{m}= 0, cannot satisfy the second Kerker condition since in
40.5
-0.5
FIG. 3. g-parameter vs the imaginary part of the refractive index con-
trast, ℑ{m}, and the x = ka size parameter under well-defined EM
helicity (σ = +1) plane wave illumination. In this range, the opti-
cal response is purely of dipolar nature. The first and second Kerker
conditions are depicted by black and white circles, respectively.
that scenario αl ,βl ∈ R and then, the right side of Eq. (13) is
unreachable. Interestingly, the second Kerker condition leads
to the anti-duality condition for dipolar particles, phenomenon
that cannot be achieved for non-active media [52, 53], as we
have demonstrated.
Figure 3 illustrates the g-parameter for a Ge-like sphere
(m = 4) versus the size parameter, x = kR, and the imagi-
nary part of the refractive index contrast, ℑ{m}, under plane
wave illumination with well-defined helicity (σ =+1). In this
regime, the optical response is almost entirely dipolar and, as a
result, the asymmetry parameter is in essence the same mag-
nitude as the expected value of the EM helicity (and Λpi/2),
〈Λ〉= 2g [32]. As previously mentioned, the first Kerker con-
dition (a1 = b1) arises in a lossless regime (ℑ{m} = 0) at
x ∼ 0.675. This specific size parameter corresponds to the
first Kerker condition appearing in Fig. 2a). As expected, the
first Kerker condition does not emerge for ℑ{m} 6= 0. On
the other hand, the second Kerker condition does not appear
for ℑ{m} = 0, in agreement with Eq. (13). In fact, it arises
if and only if optical gain is being pumped onto the system.
In the particular case of the Ge-like sphere, it emerges for
ℑ{m} ∼−0.3 and x∼ 0.825, as can be reckoned from Fig. 3.
In conclusion, we have rigorously demonstrated that either
losses or optical gain inhibit the appearance of the first Kerker
condition for dielectric spheres. Therefore, in lossy systems,
the phenomena associated with the first Kerker condition are
greatly modified, and one should carefully analyze the situa-
tions where the magnetic and electric extinctions cross to be
able to derive conclusions. As a direct consequence of our
analysis, we have shown that the EM duality restoration, iden-
tified through the conservation of the EM helicity and, hence,
a null optical backscattering condition, cannot be achieved
in the presence of losses. In a spin-orbit framework, this
phenomenon precludes the full angular momentum exchange
from spin to orbit after scattering, inhibiting the emergence of
an optical vortex in the backscattering direction. Furthermore,
we have studied the gradual loss of the zero optical backscat-
tering condition for a Ge sphere as the absorption is increased.
We have also determined the conditions under which the sec-
ond Kerker condition emerges and, therefore, the zero for-
ward optical scattering condition is met. The abovementioned
statements can be summarized as follows: for the imaginary
part of the contrast index ℑ{m} 6= 0, while the second Kerker
condition is achievable, the first Kerker condition is inhibited.
In this scenario, the zero optical forward light scattering can
be achieved in the presence of optical gain. In contrast, for
ℑ{m} = 0, the first Kerker condition is obtainable while the
second Kerker condition is unreachable. In this case, only the
zero optical backscattering condition is reachable. Our analy-
sis unveils an intriguing connection between the Kerker con-
ditions and the energy conservation from fundamental princi-
ples, opening new insights into the so-called Mie theory.
The authors dedicate this work to the memory of their
beloved colleague and friend, Prof. Juan Jose´ Sa´enz, who
passed away on March 22, 2020.
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